The electromagnetic field is quantized in nonlinear media whose dielec- 
Introduction
Traditionally quantization of the electromagnetic field is performed in empty cavities or in infinite free space [2] . Recently, with the growth of interest in quantum optical phenomena taking place inside meterial media, the quantization procedure has been extended to linear dielectrics which may be inhomogeneous or dispersive [1,3−16] . As more and more nonlinear optical phenomena require quantum treatments [17−19] , it is desirable to extend the quantization procedure to nonlinear media. However, no rigorous approach has been proposed for quantizing the electromagnetic field in arbitrary nonlinear dielectric media, especially when the dielectrics is inhomogeneous. The present paper serves to solve this problem. We put forward a quantization method which suits any inhomogeneous and nonlinear dielectrics.
Glauber and Lewenstein generalized the canonical field quantization method by modifying the gauge condition to deal with the inhomogeneous linear media [1] .
Much difficulties arise in extending this method to nonlinear media because the gauge condition becomes a complicate nonlinear equation of the vector potential − → A . It is difficult to satisfy the gauge condition by expanding the vector potential into a set of complete spatial functions. However, noting the field operators − → D and − → B in Ref. [1] have material-independent expansions and commutation relations, in our approach, we expand the fields − → D and − → B , rather than the field 2 Quantization in the presence of nonlinear dielectric media
We consider the electromagnetic field in nonlinear dielectrics, which may be inhomogeneous. The souce-free Maxwell equations in matter take the form [20] ∇
In nonlinear media, − → D (t) is a complicate nonlinear functional of − → E (t) and they are connected by dielectric tensors and nonlinear susceptibilities. From the Maxwell equations, the energy density U of the electromagnetic field in nonlinear media is determined by
The Hamiltonian (or the energy) is
For the electromagnetic field in linear media, the canonical quantization method (1) and (2), we can expand − → D and − → B into a set of transverse complete spatial functions
The expansion functions and cofficients satisfy Hemitian conditions
In addition, the functions − → f − → k µ − → r satisfy transversality, orthonormality and completeness conditions
where the transverse δ−function δ T is defined as
The transversality condition (12) makes the completeness equation of
take the form of (14) . In free space, the plane wave is chosen as the expansion
where the unit vectors − → e − → k µ (µ = 1, 2) satisfy
The expansions (7) and (8) have the same forms as that in linear media. We further suppose that the expansion cofficient operators satisfy the same commutation relations. So
The field − → E − → r , t can be expressed by − → D − → r , t from the nonlinear functional relations between − → D − → r , t and − → E − → r , t . From (5) and (6) the Hamiltonian of the electromagnetic field becomes a nonlinear functional of − → D − → r , t and − → B − → r , t . After substituting the expansions (7) and (8) into it , we get the Hamiltonian, which is expressed by annihination and creation operators. Given dielectric tensor and nonlinear susceptibilities, the Hamiltonian form is completely determined by this quantization procedure. Now we show reasonableness of the quantization method. Comparing (7), (8) and (18) with the corresponding equations in Ref. [1] , we know that when the nonlinearity goes to zero the above procedure returns to the generalized canonical quantization method. In the following we derive Maxwell's equations for the field operators from Heisenberg equations.
From the transversality of the expansion functions − → f − → k µ , the first two Maxwell equtions (1) and (2) are obviously satisfied. Equations (7) (8) and (14) (18) give the commutator of the field operators
In the derivation, the following relations are used.
and
From the commutator (19) 
From these two equations and (5), (6) , the Heisenberg equations of the field op-erators − → D and − → B take the form 1 c
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Quantization of the electromagnetic field in linear inhomogeneous media
In this section we use the above method to quantize the electromagnetic field in linear inhomogeneous media. The medium is characterized by
In free space the expansion function − → f − → k µ is expressed by Eq. (16) . Substituting the expansions (7) and (8) into Eq.(28) and noting
where ω− → k µ = − → k c , we get the Hamiltonian expressed by annihination and creation operators.
where V µµ ′ is defined by
If the second-order tensor ε −1 is just a scalar, − → e − → k µ · − → e − → k ′ µ ′ in Eq.(32) can be put out of the integration. This case had been discussed in detail in Ref. [1] by the generalized canonical quantization method. Here we get the same results.
Quantization of the quasi-steady-state optical field in nonlinear media
In this section we consider quantization of the quasi-steady-state optical field in nonlinear media. The second-order or third-order nonlinear process is most important [21, 22] . First we illustrate the quantization method by the parametric process [21, 22] . The optical field is composed of three quasi-monochromatic fields with central frequncy ω 1 , ω 2 , ω 3 and ω 3 = ω 1 + ω 2 , i.e.,
where − → E (i) (t) is slowly varying amplitude. Under the quasi-steady-state approximation, the term − → E (i) (t) e −iω i t in Eq.(33) can be viewed as a monochromatic field with frequency ω i , i.e., the dispersion of the optical field in the media is negligible. Suppose the refractive index is independent of orientation of space.
where n 2 (ω 3 ) is introduced phenomenologically to show the component of the optical field − → E (3) (t) has been viewed as a monochromatic field with frequency
where
In the derivation of Eq.(35) the approximation that the nonlinear terms are much smaller than the linear terms is used. Substituting (35) into (5) and (6) and making the rotating wave approximation, we get the Hamiltonian of the electromagnetic field, which is expressed by − → D and
In the derivation, the holo-exchange symmetry of the tensor χ (2) has been used.
In the expansions (7) and (8) 
The function
f− → k − → r satisfies the eigen-equation
Substituting (38) and (39) into Eq.(37), we get the Hamiltonian expressed by annihination and creation operators
where the constant β (called phase-matching factor) is defined as
and V is volume of the nonlinear media. The constant α is
and it is determined by the polarization matching condition of the optical field. function is approximately a plane wave, i.e.,
where L is the interaction length. Let a i represent the operator a k i µ
then the Hamiltonian (41) is simplified to
where the phase mismatch ∆k = k 1 + k 2 − k 3 . Eq.(46) is often used to analyse quantum properties of the parametric process [23−25] . Here we give its exact derivation and have determined the expression of the parameter α.
The optical field in the third-order nonlinear media can be quantized in a similary way. For example, the Hamiltonian of the nondegenerate four-wavemixing process [22] with ω 3 + ω 4 = ω 1 + ω 2 is
and 
The Hamiltonians (41) and (47) make the foundation for analysing quantum properties of the parametric or four-wave-mixing process.
